Abstract-Energy consumption is an important element in the autonomy of mobile robots, in any application in which the robot carries a source of finite energy. The formulation of an energy model can relate the kinematic movements of mobile robots and energy consumption. In this paper, an energy model is proposed, which takes into account the kinematic and dynamic models for a differential guide mobile robot as well as the motors, given an energy value close to the real energy consumption. The mixed energy model is tested with a typical motor energy model, and a trapezoidal velocity profile as input. The energy consumption values obtained by the mixed energy model is higher than the motor energy model, specially when the robot is in the acceleration phase. The mobile and motor parameters of the P3-DX robot are used to configure both energy models.
I. INTRODUCTION
For autonomous mobile robots, it is critical to have an estimate of the amount of energy used by the robot when it moves through a specific path. It is well known that the driving motors are a major source of energy consumption [1] - [4] . In the literature, however, the influence that mobile dynamic variables may exert on total energy consumption has garnered little interest [3] , especially for the differential guide mobile robot configuration [1] . In this paper, an estimation of power and energy consumption, using a mixed energy model that takes into account the DC motor and the mobile robot dynamic parameters, incorporating in a path planning, is presented.
The energy model can be calculated using the mobile robot kinematic, mechanical or dynamic model, or the dynamic motor model. An energy model based on the mobile kinematic model typically generates energy values using the formulation of the mechanical and kinetic energy, which depends on mobile mass and velocity [5] - [7] , but does not take into account dynamic parameters of the mobile, including traction force, aerodynamic resistance, or moments of inertia. A dynamic mobile model can describe a better use of the forces involved in the mobile kinematic movement, such as torques and moments of inertia, but cannot provide an energy model [8] - [10] . On the other hand, the dynamic motor model can generate an energy model, and has the advantage of describing a model with mathematical simplicity [1] , [3] .
In Kim and Tokekar's works [1] - [4] , [11] , an optimization is applied to the motor energy model, in order to calculate the optimal angular velocities of the wheels to minimize the energy consumption, for a mobile robot when follow a straight path. Despite the researcher's efforts to obtain better trajectories [5] , [6] , [12] , [13] , the resulting energy values did not reflect the contribution of mobile dynamic parameters, such as the weight of the mobile or load weight.
In this paper, a mixed energy model, for the differential guide mobile robot is presented. The dynamic mobile robot model and the dynamic motor model are calculated, then the dynamic models are mixed together, matching the torque values. A state space realization [10] is proposed, in order to expand the state variables and to represent the model in ordinary differential equations, so it can be tested numerically.
Once the mixed dynamic model is calculated, the mixed energy model is compared to the motor energy model, using a trapezoidal velocity profile as input, and testing with a different load weights.
The remainder of this paper is organized as follows: Section II presents the energy model, based on the mix of the dynamic mobile model and the dynamic motor model. Section III presents the mixed dynamic model results. Section IV presents simulations of the energy models. Finally, conclusions are presented in Section V.
II. MIXED DYNAMIC AND ENERGY MODELS
In this section, the mixed dynamic and energy models is presented. First the dynamic mobile model is calculated with the Lagrange formulation, then the dynamic motor model is found with the electrical and torque characteristics of a DC motor, using an equivalent circuit model. Finally both dynamic models are mixed, matching the torque values.
A. Dynamic mobile model based on the Lagrange formulation
The system of nonlinear differential equations that represents the dynamic mobile model [8] - [10] , can be determined by the Lagranges movement equation:
with i= 1, ...4 Where: T is the equation for mobile kinematic energy. q is the vector of the state variables. λ is the Lagrange's multipliers. τ is the torques applied to the wheels. a ij are the matrix movement restriction components.
In Figure 1 , the wheeled mobile is shown. In this case, a differential guide configuration is used, the mobile has two movement restrictions:
• The mobile cannot have lateral displacementṡ
• The mobile does not present mobile wheel landslideṡ x cos φ +ẏ sin φ + lφ = rθ 1 (3)
Where (x, y) is the coordinates of point Po in the fixed reference coordinated frame X − Y , φ is the heading angle of the mobile robot measured from X-axis, and θ 1 , θ 2 are the angular positions of the two driving wheels.
These equations can be written in the matrix form:
Where the variable constraints are:
Mobile restriction equations, in the matrix form, can be expressed as A(q)q = 0. With state variables q = [q 1 q 2 q 3 q 4 ] = [x y θ 1 θ 2 ] . Now, the total kinetic energy equation may be calculated with the equation:
Equation 7 can be rewritten as:
Where: T t = is the kinetic energy of translation. T r = is the kinetic energy of rotation. T m = is the mobile inertia moment without wheels. T w = is the wheel inertia moment.
And the notation of the equation is:
b = is the displacement from each of the driving wheels to the axis of symmetry. d = is the displacement from point P o to the mass center of the mobile robot, which is assumed to be on the axis of symmetry. r = is the radius of the driving wheels. c = is a constant equal to r 2b . m c = is the mass of the mobile robot without the driving wheels and the rotors of the motors. m w = is the mass of each driving wheel plus the rotor of its motor. I c = is the moment of inertia of the mobile robot without the driving wheels and the rotors of the motors about a vertical axis through the intersection of the axis of symmetry with the driving wheel axis. I w = is the moment of inertia of each driving wheel and the motor rotor about the wheel axis. I m = is the moment of inertia of each driving wheel and the motor rotor about a wheel diameter.
Then, the mobile kinetic energy and the restriction equation matrix is replaced, in Lagranges movement equation. The respective derivatives are made for i, from 1 to 4, and the next nonlinear equation system, which represents the dynamic model of the mobile differential guide, results:
B. The dynamic motor model and model mixture
The differential equations that describe the dynamic model of a DC motor are:
where:
V and i = is the armature voltage and current. R and L = is the armature resistance and inductance. ν = is the viscous friction coefficient. τ = is the dynamic load applied to the motor. K t = is the motor torque constant. K w = is the voltage constant. I s = is the motor shaft inertia. θ = [θ 1 θ 2 ] = are the angular positions of the wheels.
The first expression in 10 is voltage equation for a DC motor, and the second expression reflects torque forces applied to the DC motor. In several studies as in kim's research [1] , [2] , the torque variable is neglected, which seems to be problematic for a real object. In the proposed model, the torque value of a DC dynamic motor model is replaced in the mobile robot dynamic model. A reduced order model can be achieved for the dynamic behavior, as the electric time constant L/R may be neglected, if compared to the mechanical time constant i/ν. Hence, one may consider L = 0, and the first equation yields
the current can be replaced in the second DC motor model equation, and by isolating τ
In order to achieve a dynamic mobile model including the DC dynamic motor model, τ may be moved from (12) and placed into the dynamic mobile model, also the equationφ = c(θ 1 −θ 2 ) may be used to select the state variables vector q = [x y θ 1 θ 2 ]. Finally, the system of equations can be ordered and written in the following matrix, obtaining the mixed dynamic model.
C. The mixed energy model
In this case, the realization of states must be used, in order to transform the previous equations into ordinary differential equations [10] . They can be solved by any mathematical computational tool. The goal of using this transformation is to increase the state space, introduce new variables without altering the previous dynamic equations model, and simplify the Lagrange multipliers. The null space of the movement restrictions matrix A(q) is used, from the equation A(q)q = 0, where q is the vector with the state variable q = [x y θ 1 θ 2 ]. If S(q) is the null space of the matrix A(q) and η is the vector of the new variables, it can be said that A(q)S(q)η = 0, in such a way, it may also be said thatq = S(q)η.
The vector η was chosen as:
Being S(q)
Now multiplying the both sides of equation (13) by S T (q) and using the result S T (q)A(q) = 0, it can be said that:
To obtain the termq, the equationq = S(q)η is again derived.q
Replacingq andq.
Isolatingη from (18), the following is obtained. Therefore the dynamic model can be represented with these new states variables.
The motion equation (19) and the equationq = S(q)η may be represented in the state space forṁ
Where:
Before validating the dynamic model, the armature voltage insolating variable V was obtained from the equation 18.
Finally, the energy model that describes mobile energy consumption, depending on the dynamic parameters of the mobile and motors, can be calculated with the integral of the power, using the current equation (11) and the voltage equation (23).
E(t) = V (t) i(t) dt

III. MIXED DYNAMIC MODEL RESULTS
In order to set up the mixed dynamic model represented by the equation (21), the mobile and motor parameters of the P3-DX mobile platform present in Kim's work [1] , [2] , were used. These parameters are shown in the tables (table I, II) .
Two different kinds of tests were used for validation of the mixed dynamic model. Failure of any of those tests represents an accumulative error in the mathematical modeling, in the numerical estimation, or in the calibration of the dynamic parameters. In the first test, two positive or negative constant voltages were used, with the same amplitude as input of the motor voltages. It was expected that the center mass of the mobile would describe a linear movement with the same orientation of the initial condition. A deviation of this orientation in the result can represent failure in the calculation of the angular velocity of the wheels, produced by an accumulative error in a numerical approximation of the solution of the differential equations, in the mathematical modeling, or in the initial condition. The model presents a successful results. In the Figure 2 one of those cases is shown.
In the second test, a positive or negative voltage constant was used as input of one motor, and in the other, input voltage was not used. The expectation was that the center mass of the mobile would describe a circumference with a radius equal to the distance from each of the driving wheels to the axis of symmetry. Error in the test can represent a failure in the value of the motors parameters, or an error in the procedure of the motor calibration, this kind of error in the past test can't be detected because the motor parameters is the same in all the motors of the mobile and the inputs are the same, balancing any error of the motor parameters. The model presents successful results, in the Figure 3 one of the cases is shown.
Once we test successfully the mixed energy model, in the next section we compared the energy consumption of a typical energy model based on the dynamic motor model with the mixed energy model, using as input a trapezoidal velocity profile. The goal is to show that the dynamic parameters of the mobile contribute to the total energy consumption.
IV. SIMULATIONS AND FINAL RESULTS
Simulations were performed, in order to validate the energy model, based on the mixed dynamic model, using the dynamic parameters contained in tables I, II. Energy consumption was compared between the mixed energy model and the motor energy model, with the commonly used trapezoidal velocity profile as angular velocity of the wheels. In this case, the angular velocity in both wheels are the same, in order to the robot mobile following a linear path. Different velocity trapezoidal profiles with a fixed path distance, and different load weights are used as input to the models. Figure 4 shows energy consumption in the energy mixed model, as compared to the motor energy model, in the critical case when the robot mobile follows a linear path of 10 meters, at the maximum trapezoidal velocity (figure 4a), with the maximum load weight (7.6 Kg) allowed by the P3-DX robot mobile, with a fixed mobile weight of 6.04 Kg, and a simulation time of 11 seconds. Figure 4 also shows that, during the acceleration, the power and energy consumption increase faster in the values given by the mixed energy model, but are the same when the velocity profile remains at the maximum value. During the deceleration, in the time corresponding to the negative phase of the power consumption, a certain Table III shows the energy consumption values given by the energy models when the mobile follows a linear path of 10 meters, with a fixed load weight of 3.76 Kg, with a mobile weight of 6.04 Kg, with a simulation time of 11 seconds, and with different maximum set velocities of the trapezoidal profile. Energy consumption in both energy models increases as the velocity rises, because both models depend of the kinematic mobile model and the dynamic motor model. Energy values are higher in the mixed energy model because only this model depends on the dynamic parameters of the robot as a load and robot weights, as well as moments of inertia.
It is for this reason that in Table IV , when the trapezoidal velocity is fixed at a velocity of 0.88 m/s, and the load weight increases, only the mixed energy model is considerably affected in its energy consumption value.
A. Conclusion
In this paper, an estimation of an energy consumption for a differential guide robot mobile were studied. An energy model is presented, based on the dynamic motor and the dynamic mobile models, using the motor and mobile parameters of the P3-DX robot mobile. The mixed dynamic model was validated with cases that may provide information regarding errors in the mathematical modeling, motor parameters , or the numerical approximation in the simulation. The test presents successful results.
Later, the energy consumption of the mixed energy model was compared to a typical motor energy model, using a trapezoidal velocity profile and the load weight of the mobile as inputs. The simulation results show that the highest percentage of the energy consumption came from the motors [1] - [4] , but dynamic parameters of the mobile, such as inertia moments, robot weight, or load weight also influences total energy consumption, especially during acceleration. It is for that reason that the energy values in figure 4 , and in tables III, IV are higher in the mixed energy model than those of the DC motor energy model, because the proposed model consider the DC motor and the mobile robot dynamic models. In the deceleration phase, it was proven that a certain amount of energy is regenerated and stored in the batteries. When the acceleration is null, however, the dynamic parameters of the mobile do not influence energy consumption. Knowledge of an energy value closer to a real energy consumption value can be more easily related with the real time autonomy of the differential guide robot mobiles which carry his own energy source.
For the further study, the problem of testing the mixed energy model on paths with curvature, with different velocity profiles, and an experiment validation using the Nomad Super Scout mobile robot, remains.
